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1. INTRODUCTION 
Extending work of Choquet [6 ] and others [ 7, 8, 16, 20, 21 J, we recently 
[ 10, 111 analysed the structure and properties of a general upper semi- 
continuous set-valued function from one metric space to another. In 
particular, we proved that, if the function takes only nonempty sets for its 
values, then it always has a Bore1 measurable selector. Now some of the best 
known and most interesting examples of set-valued functions take their 
values in a Banach space with its weak topology or in a dual Banach space 
with its weak* topology. We give some examples below. 
The result of [ II] can be used to get Bore1 measurable selectors in any 
separable Banach space. Let Y be the separable Banach space and let (I, ) be 
a sequence of continuous linear functionals that separate the points of Y. The 
map ,I: Y--f ip’ given by 
GJ) = (l,(Y), 40)1-.) 
for all y in Y is injective and weakly continuous. Clearly 1 is also norm 
continuous. Consider any set-valued map F from a metric space X to Y, and 
suppose that F is upper semi-continuous in the weak topology of Y, with 
non-empty values. Then ,I o F is an upper semi-continuous map from the 
metric space X to the metrizable space R”. Hence, by [ 11, Theorem 21, there 
is a Bore1 measurable selector, say g, for A o F. Now f = A - ' 0 g is a 
selector for F. As A is a continuous injective map from the Polish space Y 
(with its norm topology) to n(Y), which is a separable metric space, 1 maps 
any norm Bore1 set in Y to a Bore1 set in 1(Y), see, e.g., [ 15, p. 4871. Hence, 
f -’ = g-’ o J maps any norm Bore1 set in Y to a Bore1 set in X. Thus f is a 
norm Bore1 measurable selector for F. 
279 
0022-1236/84 $3.00 
wl’r6’3 2 
Copyright ZZ 1984 by Academic Press, Inc. 
All rights of reproduction m any form reserved 
280 JAYNE AND ROGERS 
In this paper we give a more refined selection theorem that applies in 
many non-separable Banach spaces. We first state the result in a simple 
form; see Theorem 2 for a more refined version. 
THEOREM 1. Let F be a weak upper semi-continuous set-valued map of a 
metric space X to the non-empty sets of a weakly compact set K in a Banach 
space Z. Then F has a norm Bore1 measurable selector. Further, if F takes 
only weakly compact values, then F has a weak Bore1 measurable selector of 
the Jrst Bore1 class that is also a norm Bore1 measurable selector of the 
second Bore1 class. 
A compact space that is homeomorphic to a weakly compact subset of a 
Banach space is called an Eberlein compact space. It is well known that 
every metric space is homeomorphic to a subset of some Eberlein compact 
space, e.g., to a subset of the surface of the unit ball of some Hilbert space 
(see [2, p. 1931) an on the surface the weak and norm topologies coincide. d 
This coincidence of topologies follows easily from the local uniform 
convexity of the norm. Now Troyanski has shown that a weakly compactly 
generated Banach space has an equivalent locally uniformly convex norm 
(see (24, p. 1641). Edgar has shown that in this case the norm and weak 
Bore1 sets coincide in the Banach space. In particular, if an Eberlein compact 
space K is situated in a Banach space, then for any subset S of K, the norm 
Bore1 subsets of S coincide with the weak Bore1 subset of S. This allows us 
to extend Theorem 1 (and Theorem 2) from the class of metric spaces X to 
the class of all subsets X of Eberlein compact spaces. For the non-metrizable 
spaces in this class the Bore1 class of the selector will be one higher than for 
metrizable spaces. Similar considerations apply to the case of maps into a 
separable Banach spaces discussed above. 
Benyamini et al. [23] prove that the continuous image of an Eberlein 
compact space, in a Hausdorff space, is also an Eberlein compact space. We 
obtain a corollary to Theorem 1. 
COROLLARY. Let f be a continuous map of an Eberlein compact space K 
onto a Hausdorff space K’. Then there exists a Bore1 measurable inverse 
function Q mapping K’ into K, with f ($( y)) = y for all y in K’. Furthermore, 
tf H is closed in K, then #-l(H) is the countable intersection of sets, each of 
which is the countable union of sets of the form F n G, where F is closed in 
K’ and G is open in K’. 
In developing the necessary theory of upper semi-continuous et-valued 
functions, in Section 2, we are able to carry over some of the proofs, that we 
gave in [ 11) for the metric case, to the case when Y is homeomorphic to a 
weakly compact set in a Banach space, as it can be shown that, in this case, 
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XX Y is a Frechet space (i.e., its topology is determined by sequential con- 
vergence). 
One of the steps in the proof of Theorem 1 is an application of the result 
of Amir and Lindenstrauss [ I] that every weakly compact set in a Banach 
space is homeomorphic to a weakly compact subset of the special Banach 
space c,(T), for some suitable set r. The actual selection process is carried 
out in c,(T), and depends, in an essential way, on the geometrical properties 
of c,(T) that we develop in Section 3. 
We now give some examples of upper semi-continuous set-valued 
functions that have been studied. Let X be a Banach space with dual space 
X*. A set valued map F from X to X* is said to be monotone if 
(x* - x, ) x; - XT) > 0, 
whenever xi E X, and x7 E F(xi), for i = 1, 2. Such a monotone map F is 
said to be a maximal monotone map, if its graph is not properly contained in 
the graph of any other monotone map from X to X”. Let D(F) = 
{-u E X : F(x) # 0}. Such a maximal monotone map F, regarded as a map 
from the interior of D(F), denoted int D(F), with the norm topology to X” 
with its weak* topology, is always upper semi-continuous, and its values are 
weak * compact and convex (see, e.g., [3, p. 340)). Further, F is locally 
bounded in that, for each x,, in int D(F) there is a norm open set Li 
containing x0, with F(U) a bounded set of X* (see ( 18 I). To be able to 
apply Theorem 1 to such a map, it is enough to suppose that X is weakly 
compactly generated, and that the range of F is bounded in X*, for then a 
result of Lindenstrauss 117, Thm. 3.31 shows that the unit ball of X* in its 
weak* topology is affrnely homeomorphic to a weakly compact set of some 
Banach space 2, the homeomorphism being from the weak* topology on X” 
to the weak topology of the Banach space 2. Using Theorem 2 in place of 
Theorem 1, we can drop the condition that the range of F be bounded. The 
selector in this case will be weak* Bore1 measurable of the first Bore1 class. 
but will not in general be norm Bore1 measurable if, e.g., X = 1, (see [ 26 1). 
A special example of such a maximal monotone map is provided by the 
subdifferential map. Consider a real-valued lower semi-continuous convex 
function f defined on a convex open subset G of a Banach space X. The 
subdifferential D,f of f at a point x of X is defined to be the set of all 
elements d*, of the dual space X* of X, satisfying the condition 
S(x) + (d”, ,v> <./Xx + Y) 
for all 1’ in X. This is, of course, just the condition that the affine subspace in 
X X R, defined by 
z = f(x) + (a’*, v>? 1’ E x. 
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through the point (x,f(x)), lies “below” the convex surface 
z = f(x), x E x. 
The map x i--t D,f is a maximal monotone map from G to X*. So D,S, 
regarded as a map from X with the norm topology to X* with its weak* 
topology, is compact-valued, upper semi-continuous, and locally bounded. 
Another example of a maximal monotone map is associated with the set of 
points where a linear functional assumes its maximal value. Let K be a 
weakly compact convex set in a Banach space X. For each x* is the dual 
space X”, write 
m(x*)=sup{(k,x*):kEK) 
and 
M(x*) = {k : k E K and (k, x*) = m(x*)}. 
Then, for each x* in Xx, the set M(x*) is non-empty and weakly compact. 
The map M satisfies the condition that 
whenever x,? E X* and xi E M(x*), for i = 1,2, and considered as a map 
from X* to the non-empty subsets of X * * the map M is maximal monotone 
(see, e.g., [4, Prop. 21 or [5, Thm. 3.18(e)]), since M is upper semi- 
continuous from the norm topology on X* to the weak* topology on X**. 
Let H be a real Hilbert space and C a closed convex set in H. Then, for 
each x in H, there is a unique point pc(x) in C that is closest to x. Then 
0 < II PC(Y) - P&>ll’ < (Y - x3 PC(Y) - PC(X)) 
for all x, y in H (see, e.g., [22, p. 241 I). Thus pc is a continuous point- 
valued maximal monotone map. 
More generally, if C is a weakly compact set in a Banach space X, and for 
each x in X, we define P,-(x) to be the set of those points of C at the least 
possible distance from x (i.e., the metric projection onto C), then P, is an 
upper semi-continuous set-valued map with non-empty weakly compact 
values. Here the upper semi-continuity is for the norm topology on X and the 
weak topology on C. 
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2. SOME PROPERTIES OF UPPER SEMI-CONTINUOUS SET-VALUED MAPS 
In this section we suppose that X and Y are topological spaces, and that F 
is an upper semi-continuous et-valued map From X to Y, so that F-‘(H) = 
(x : F(x) n H # 0) is a closed set in X, whenever H is a closed set in Y. We 
use T to denote the graph 
T= t.) (x) x F(x) 
XEX 
of F, and we write 
E(x) = I(X\lxl) x (Y\F(x))I n T. 
and 
K(x) = p;oj ([cl E(x)] n [ {x1 x F(x))), 
for each x in X. Our first objective is to derive some properties of K(x); a set 
that was first considered by Choquet 16. p. 701 and that Dolecki has called 
the active boundary of F(x). 
We shall be mainly interested in the case when X is metric and Y is 
homeomorphic to a subset of some weakly compact set of some Banach 
space. As we need to use sequential arguments we shall need to know that 
Z =X x Y is a Frechet space, i.e., a space 2 where each point of the closure 
of any subset Z, is the limit of a convergent sequence of points of Z,,. 
LEMMA 1. Jf X is a metric space and Y is homeomorphic to some subset 
of some weakly compact set in some Banach space. then X x Y is a FrPchet 
space. 
ProoJ We may take Y to be a subset of some weakly compact set K in 
some Banach space 2. Further, we may take the metric space X to be a 
subset of the unit sphere S = {x E H : //x/l = 1 } of some Hilbert space H 
(see, e.g., [ 2, p. 193 1). Now the weak and the norm topologies of H coincide 
on S. Thus X is a subset of the unit ball B of H, using the weak topology on 
B. So X is a subset of the weakly compact subset B of H. Now 
XX Y c B x K, and B x K, with the product topology of the two weak 
topologies, coincides with B x K under the weak topology of the direct sum 
H @ Z. with 
of the Banach spaces H and Z. In this way Xx Y is a subset of a weakly 
compact set in a Banach space, and so is a Frechet space (see 119, p. 185 1). 
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LEMMA 2. Let X be a metric space, let Y be a Hausdorfl space, and 
suppose that X x Y is a Frtkhet space. Then K(x) is closed in Yfor each x in 
X. 
Proof. Let x* be a fixed point of X and let y * be a point in the closure 
of K(x*). Suppose that y* is not in K(x*); we seek a contradiction. As 
K(x*) = pyj ([cl E(x*)] n [Ix*} x F(x*)]), 
we have 
(x”} x K(x*) c cl E(x*), 
so that (x*, y*) E cl E(x*). As XX Y is a Frechet space we can choose a 
sequence {(xi, y,)} 2 I of points of 
E(x*) = KX\lx*)) x V\F(x*))l n T 
converging to (x*, y*). So {xi}:, is a sequence of points of X\(x*} 
converging to x*, and { yi}z, is a sequence of points with 
Yi E F(xi)\F(x*h i> 1, 
converging to y*. As Y is Hausdorff, the set 
H= {Y”, Y,, ~z,-l 
is closed in Y. As F is upper semi-continuous, the set 
is closed in X. As this set contains the points x, , x, ,... converging to x*, it 
also contains x*, and F(x*) n Hf 0. Hence y* E F(x*). As 
(x*, y*) E cl F(x*), it follows that y* E K(x*), as required. 
LEMMA 3. Let X be a metric space, let Y be a Hausdorff space, and 
suppose that X x Y is a Frkhet space. If H is any closed subset of Y, write 
Z(H)= {x :K(x)nH=0}. 
Then the sets of constancy of the restriction of F(x) n H to Z(H) form a 
disjoint family that is discretely a-decomposable in the completion X* of X, 
each set of constancy being an F,-set in X. 
Proof. Follow the proof of Lemma 3 of [ 11) word for word. 
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LEMMA 4. Let X be a metric space, let Y be a Hausdorff space. and 
suppose that XX Y is a Frechet space. Then the set 
(x:K(x)nH#0} 
is a G,-set in X, whenever H is a closed set in Y. 
Proof: Follow the (simple) proof of [ 11, Lemma 4 I. 
LEMMA 5. Let X be a metric space, let Y be a Hausdorff space. and 
suppose that XX Y is a Frechet space. The sets of constancy of the 
restriction of F to 
E= {x:K(x)=0\ 
fortn a disjoint family of F,-sets with union Z, and this fatnity is discreteI)> o-
decomposable in X”. 
Proof Take H = Y in Lemma 3. 
Combining these results we obtain the following lemma. 
LEMMA 6. Let F be an upper semi-continuous map of a metric space X 
to the non-empty sets of a space Y that is homeomorphic to some subset of 
some weakly compact set in some Banach space. Let 
T= 0 {x} x F(x) 
x E ‘1 
be the graph of F in X x Y. For each x in X. write 
and 
K(x) = v--j ([cl WY)] n I (xi x W)l). 
wlhere proj,. denotes the pojection onto Y. 
(a) For each x in X, the set K(x) is closed in Y. The set 
(x : K(x) C? H # 0) is a G,-set in X, whenever H is closed in Y. 
(b) The sets of constancy of the restriction of F to 
.? = (x : K(x) = 0), 
i.e., the subsets of Z on which F takes a particular set as its value. form a 
disjoint family, that is discretely o-decomposable in the completion X* of X. 
the sets of this fami1.y being F,-sets in X with union 2. 
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3. THE BANACH SPACE c,(T) 
Let r be a cardinal number, and identify r with the set of ordinals y with 
osycr. 
c,(T) is the Banach space of all maps x from r to R subject to the con- 
dition: 
For each E > 0, we have Ix(y)/ > E for only finitely many y in P, and with 
the norm JIx]J = supyET lx(y)\. We regard c,(T) as a subset of the Banach 
space Z,(r) of bounded maps from r to R, again with the supremum norm. 
If x and y belong to l,(r) we write 
when 
MYI s I Y(Y)1 for all yin r. 
LEMMA 7. Write 0 = Tw. Then there are sequences 
{y(e):ose<o}, 
(c(e) : 0 < 8 < O}, 
{r(e) : 0 < e < O}, 
of ordinals y(B) with 0 < y(B) < r, of points c(0) of c,(T) and points r(0) of 
l,(r) such that the sets 
B(B)= (xE c,(r) :/X-C(@)) < r(B)},O< B < 0, 
are closed bounded convex sets satisfying the following conditions: 
(a) If0 < 8 < 0, the set 
u B(4) 
O<u$<B 
is a closed bounded convex set. 
(b) u,,,..w = c,(r). 
(c) rf 0 < t.9 < 0, and x E B(B), then 
l-e(@))1 >II4 - 2, 
I X(Y(Q) - C(fNY(~))l s 1, 
and 
C(@)(Y) = 03 for Y+ I@). 
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Proof of Lemma 7. We take y(O) = 0, c(0) = 0, and define r(0) by 
r(O)(y) = 1, for O< 7 <I: 
Then 
B(0) = (x E c,(T) : Ix(y)1 < 1 for 0 ,< y < r). 
For each 0 with 1 < 8 ( 0, the ordinal 8 has a unique representation in 
the form 
B=Tm+l+2g+e+d, 
with m. A, g, e, d ordinals satisfying 
O<m<w, 
O<L<i- and A =0 or 
o<g<w 
e=O or 1 
and 
d=l if m=O and 
We take 
Y(B) = 1 + g, 
C(@)(Y) = 0, 
c(B)@ + g) = 2(m + l), 
c(H)(k t g) = -2(m + l), 
r(d)(y) = 2(m + 1) + 1, 
r(O)(l + g) = 1 
r(8)(y) = 2(m + 1) - 1, 
A is a limit ordinal, 
d = 0 otherwise. 
if ;i#;I.+g. 
if e=O, 
if r=l, 
if O<y<;C+g. 
if i+g<y<f. 
It is immediately clear that each set B(B), 0 < 19 < 0, is closed bounded 
and convex. It is easy to verify (and we shall give some details later) that, if 
0 < 0 < 0. and 19 is represented in its standard form, then 
U B(4) = {x E c,(f) : lx(y)\ < 2m + 3, for 0 < ‘i < ;I + g, 
ocal<:H 
-2m-l,<x(A+g)<2m+3. 
lx(y)\ < 2m + 1, for A + g < ;’ < f 1. 
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if e = 0, and 
U B(4) = {x E c,(T) : lx(y)1 < 2m + 3, for 0 < y < A + g, 
0<648 
-2m-3<x(/Z+g)<2m+3, 
/ x(y)1 < 2m + 1, for A + g < y < r}, 
if e = 1, and further, if 8 is 1 or a limit ordinal, so that g = e = 0, then 
U B(~)={xEco(T):(x(y)l~2m+3,forO~y<~, 
O<b<tJ 
lx(y)1 < 2m + 1, for A < y < r). 
For every 0 with 0 < 0 < 0, the formulas show that 
is a closed bounded convex set, and that 
Let us, e.g., verify the formula for lJ (B(4) : 0 < $ < 0} when e = 0. 
Clearly each point of this union belongs to the set C(e) defined by the con- 
ditions 
Ix(~)1 < 2m t 3, for 0 < y < A t g, 
-2m-l<x(i+g)<2mt3, 
lxO)l< 2m + 1, for 1 + g < y < lY 
Consider, then, any point x in C(0). If lJxI/ < 1, then x E B(0). Otherwise, 
1 < J/x/J < 2m + 3. Let 1 be the smallest integer with /Ix]/ < 2Z+ 3. Then 
1> 0, and J\xJ/ > 21+ 1. Hence, for some q with 0 < 11 < r, we have Jx(n)j > 
2Z+ 1. As x E c,(T), there are only a finite number of such ordinals u; we fix 
q as the largest such ordinal with Ix(q)\ > 21+ 1. Write q = ~1 + h, with 
,u = 0, or a limit ordinal less than r and with 0 < h < o. If 21+ 1 < x(q) < 
21+3, we take J=O, and if -2Z-3<x(q)<-21-1, we takef=l. If 
I= 0, we take 6 = 1, and if 1> 1, we take 6= 0. Now it is clear that 
x E B(4) with 
If 1 < m, then 4 < 0. If 1= m, then 6 = d and we necessarily have 
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?i=p+h,<Afg. If,u++<A+g, we again have #<Q. If,u+$=k+g, 
we necessarily have f = 0 = e, so that 4 = 8. Hence 
u B(4) = C(Q), 
Q<c$<O 
as required. The other verifications are similar. 
Result (c) is also easy to verify, with y(B) = A + g. 
LEMMA 8. We use 0 to denote the empty sequence of zero length. There 
is a system of well-ordered index sets, 
O(0), 
0(8,), 8, E E O(0). 
e(e,, 82), 8, E o(0), 0, E 0~4 1, 
o(e, , 8, . . . . . o,), e, E o(0), 8, E qe,) . . . . . 8, E o(e, , e, ,.... e, ,I. 
and a corresponding system of closed convex subsets of c,,(T). all bounded 
expect the first, 
L(0) = c,(T), 
w,), 8, E 0~0)~ 
~(4, 69, 4 E o(0), 0, E w,). 
~(0,. e2 ,.... e,), 8, E o(0), 8, E eye,) ,..., e, E we,. 8, .,.., 8, _ ,), 
with the following properties. 
(a) For each n > 1, and, for each choice of 0, in O(0) ,..., 8,,~ , in 
we,, 8, ,..., 0, _ 2), the fami& 
w4, fh..., e,) : 8, E qe,, 8, . . . . . on- ,)i 
has uniorz L(6),. 0, ,..., O,- ,) and each partial union u {B(B, 8, ,..., H,) : 
8, E qe, , 13, ,..., 8,- ,) and 8, < 4, } is a closed bounded vonvex set, for each 
tin in @(6,, e,,..., e,-,). 
(b) For each infinite sequence t3, e2 ,..., with 
tf, E o(0), 8, E o(e,), 8, E o(e,, e,) ,..., 
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there is at most one point in the intersection 
(7 ue, , 82 ,..., 8”). 
n=1 
ProoJ We first take each and every one of the index sets 
@(8, 3 8, ,..., en), n >, 0, 
to be the ordinal 0 = To. 
We work with the sets B(8), 0 < 8 < 0, introduced in Lemma 6. When 
n > 2, write 
B(8,) 8* )..., 8,) = 3 - “f’B(8,) + c(8,) + 33’c(8,) + .*. + 3-“+%(8,_,), 
for 8,) 8, ,..., 8, in 0. Then take 
L(0) = c,m, 
L(8, , 8, T..., 8,) = ii B(8,, 8, ,*.., 8,). 
i-=0 
Using Lemma 7, it is easy to see that these sets are closed convex sets, all 
bounded except the first, and that condition (a) is satisfied. 
To establish condition (b), let 8,) e2 ,... be any sequence of ordinals with 
0 < Bi < 0, and suppose that x belongs to the set 
Then 
5 L(O, 3 82 1..., 0,). 
?I=0 
x E B(@,, 82,.-r 8,) 
for n > 1. Write 
2, =x - c(8,) - 3 -lc(O,) - .*- - 3-“+‘c(8,), 
for n > 0. Then 
Z” E 3-“B(8,+,) 
for n > 0. We prove that the sequence z, , z2 ,... converges, in the supremum 
norm to 0. This will suffice to prove that x is the unique point of c,(T) in the 
intersection 
i? L(Q, , 8, ,..., 8,). 
IX=0 
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If j/x j( = 0, then necessarily 
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8, = 8, = . . . zz 0, 
c(0,) = c(B,) = ‘.’ = 0, 
and z n = 0 for all n. So we may suppose that //xl/ > 0. In this case 8,, 0?,... 
are not all zero. We suppose that 
B,=e2=...=B,_,=Q 0, > 0. 
Then z,-. , =x belongs to 3-‘+ ‘B(B,.) with 6, > 0 so that 
IIz,-II/ > 3-‘+I. 
There are only finitely many y in I- with 
lzr-I(Y)I 2 3-‘. 
Let these y be y,, y2 ,..., yk. Perhaps ~(0,) is the only y in r with 
IL I(Y)1 = l/z,- I /I. 
Now z, differs from z,-, only in its ~(0,) component and we have 
Ilzrll < llzr-I II 
and 
I zr(Y(%>l < 3 -r+ ‘3 
on using Lemma 7(c). Otherwise, z, retains a component of modulus I/z, , ii, 
and 
/lzr/l = l/z,-Ill. 
As z, E 3 -‘B(B,+ ,), by Lemma 7(c), we have 
lZr(Y(~r+ I>)1 z 3 -r(3r /lzrll - 2) 
> 3 -,(3, Ilzr-I II - 2) 
> 3-‘. 
Hence v(@,+ ]) is one of the ordinals yl, Y?,..., Yk. Further 
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This just allows the possibility that 
and y(B,+ I) = y(8,+ r); but in this case 
lzr+M~r+*)l G 3-‘-l* 
After at most k + 2 steps, we have so reduced the components of z,+~+* that 
we have reduced all those with maximum modulus. and we have 
llz r+k+Al <llzr-111. 
Furthermore all those that attain the maximum modulus are reduced to 
values not exceeding 3 -“+I. After a further finite sequence of steps, all 
components larger than 3 -‘+I are reduced to components not exceeding 
3- ” ‘. Indeed, if the y component of z,+~+ r differs from the y component of 
Z r+h, using z,+~ E 3-‘-hB(B,+h+1), and Lemma 7(c), we have 
IZ r+h+l(Yl G 3-‘-h* 
This reduction process continues and we conclude that 
as n -+ CC as required. 
We note that, in this construction, many of the sets L(O,, Oz,..., 0,) will be 
empty. This redundancy can be avoided: by a process of “closing the ranks,” 
keeping the index sets in their appropriate order, we can ensure that all these 
sets are non-empty. Nevertheless, many of the intersections 
will remain empty. 
We now study set-valued maps from a metric space X to the sets of c,(T) 
that are upper semi-continuous in the weak topology of c,(T). 
LEMMA 9. Let F be a set-valued map of a metric space X to the non- 
empty sets of c,(T). Let F be upper semi-continuous in the weak topology of 
c,(T). Let (B(B): 0 < 0 < O} be a transfinite sequence of closed bounded 
convex subsets of c,(T) satisfying conditions (a) and (b) of Lemma 7. For 
each x in X, let q(x) be the least ordinal 6 with 
F(x) n B(8) # 0. 
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For each ordinal 13, with 0 < 8 c 0, let R(8) denote the set of x in X with 
v(x) = 13. Then (R(6) : 0 < B < 0) is a disjointfamily of (F,, G,)-sets (i.e. oJ‘ 
sets that are both F,-sets and G,-sets) that is discretely o-decomposable in
the completion X* of X. 
Proof. Let 
T= u (ix) x F(x)) 
XEX 
be the graph of F. 
Consider any B with 0 < B < 0. As B(B) is closed in the weak topology in 
c,(T), the set 
is closed in X. Similarly, writing 
the set 
U(8) = p;oj {(X x D(B)) n TJ 
is closed in X. 
For each r in X and each integer i> 1, let N(r; i) denote the 
neighbourhood 
N((; i) = (x : p(x, <) < I/ii 
of r. Let R(8; i) denote the set of < in R(8) = S(@\U(S), for which 
N(5; i) n U(B) = 0. 
As U(B) is closed in X, we have 
R(8) = fi R(8: i). 
i- 1 
But R(8; i) is the difference between the closed set S(B) and the set 
V(B; i) = {< : (!l{‘)p(<‘. l) < l/i and r’ E U(B))). 
which is clearly open in X. Thus each set R(8; i) is closed in X and R(e) is 
an F,-set in X. 
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We now study the family {R(& i): 0 < 8 < O} of closed sets in X, for a 
fixed i > 1. Let x* be any point in the completion X* of X. Suppose that the 
neighbourhood 
N(x*; 1/(2i)) = (x : p(x, x*) < 1/(2i)) 
meets two of the sets, say R(8; i) and R(8’; i) of this family. Then there are 
points <, <’ of R(8; i), R(e’, i) with 
P(<, x*> < l/(2+ P(<‘, x*> < l/PO. 
Hence p(& c’) < l/i. Now, 
tf E R(Q t’ fZ u(e), r’ E qey, c 4 u(el). 
Thus 
It follows that 8 = 8’. This shows that the family {R(B; i) : 0 < B < O] is a 
family of closed sets in X that is discrete in X*. 
As the union of a discrete family of closed sets is closed, it follows easily 
that each set R(8), 0 < 6’ ( 0, is a G,-set as well as an F,-set. 
LEMMA 10. Let K be a weakly compact subset of c,(I). Let F be a set- 
valued map of a metric space X to the non-empty subsets of K. Let F be 
upper semi-continuous in the weak topology of c,(T). F has a selector f of the 
second Bore1 class (using the weak topolgy in c,(T)). It is possible to choose 
f, an F,-set X, in X, and its complementary G,-set X, = Xp, , so that the 
restrictions off to X, and X, are of the first Bore1 class. Further, ifF takes 
only weakly closed values, then F has a selector of the first Bore1 class. 
Proof. The proof follows the proofs of [ 11, Lemma 7, Lemma 8, and 
Theorem 21 almost word for word. The family of sets provided by Lemma 8 
of this paper has, of course, to be used in place of the corresponding family 
whose existence is guaranteed by the paracompactness of Y in the metric 
case. Indeed, generally the lemmas of [ 1 l] have to be replaced, mutatis 
mutandis, by the lemmas of this paper. 
4. SELECTION THEOREMS 
In this section we first give the proof of Theorem I in the form stated in 
the introduction. We then use Theorem 1 to prove a more refined version of 
itself. 
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Proof of Theorem 1. We know that K is a weakly compact set in a 
Banach space Z, and that, using the weak topology in Z, F is an upper semi- 
continuous set-valued map of the metric space X to the space Z, with values 
that are subsets of K. 
We may suppose that Z is the closure. in the norm topology of the linear 
span of the weakly compact set K. By a result of Amir and Lindenstrauss 
[ 11 there is a set r and an injective bounded linear map g of the weakly 
compactly generated Banach space Z into c,(T) that is continuous from the 
weak topology of Z to the weak topology of c,(T). Now g maps the weakly 
compact set K homeomorphically to the weakly compact set g(K) in c,(r). 
Further g 0 F is an upper semi-continuous set-valued map from X to this 
weakly compact set g(K) in c,(T). By Lemma 10, g 0 F has a selector h of 
the second Bore1 class (using the weak topology of c,(T)). Further it is 
possible to choose h. an F,-set X”’ in X and its complementary G,-set 
pa = X\X’l’, so that the restrictions of h to X”’ and X’*’ are of the first 
Bore1 class. If F takes only compact values in Y, then g 0 F takes only 
weakly compact values in c,(T), so that h is of the first Bore1 class. As g is a 
homeomorphism of K to g(K), the function g -’ 0 h is a selector for F with 
all the required properties for the weak topology on Z. 
As Z is, by our reduction, weakly compactly generated, it has an 
equivalent locally uniformly convex norm (see 124, p. 1641). This ensures 
that the weak and norm topologies coincide on the surface of the unit ball of 
Z. Now Edgar (25, Theorem 1.1) shows that. in this case, the weak Bore1 
sets and the norm Bore1 sets in Z coincide. Thus f is norm Bore1 
measurable. Further, Edgar, in his proof, shows that any norm open set (/’ in 
Z can be expressed as a countable union of sets of the form F n G with F 
weakly closed and G weakly open. Iff is weakly Bore1 measurable of the 
first Bore1 class. then f--‘(U) can be expressed as a countable union of sets 
of the form 
f~-‘(F) nf- ‘(G) 
with F weakly closed and G weakly open. As f-‘(F) and f I’ will both 
be G,,-sets, f-‘(U) will also be a G,,- set, and f is norm Bore1 measurable 
of the second Bore1 class. 
Proof of the Corollary to Theorem 1. By the result of Benyamini ef al. 
/ 23 1. the set K’ is an Eberlein compact space. We can suppose that both K 
and K’ are situated in weakly compactly generated Banach spaces. We use 
the norm topologies of these Banach spaces. Now f -’ : K’ + K is a weak 
upper semi-continuous map with non-empty weakly compact values. 
Regarded as a set-valued map from K’, with its norm topology, to K, this 
map fm’ remains weakly upper semi-continuous. By Theorem 1. f ‘. 
regarded in this way, has a selector 4 of the first Bore1 class, using the norm 
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topology on K’ and weak topology on K. Thus if H is a closed subset of K, 
in its original topology, then 4-‘(H) is a norm G&-set in K’, and applying 
the results of Edgar [25, Theorem 1.11 to the space K’, we find that 4 -l(H) 
is of the required form. 
THEOREM 2. Let F be an upper semi-continuous set-valued map of a 
metric space X to the non-empty sets of a space Y. Suppose that, for each x 
in X, there is a neighbourhood N(x) of x such that 
W(x)) = u F(t) 
IEN 
is a countable union of relatively closed subsets, each homeomorphic to a 
subset, using the weak topology, of a weakly compact set of some Banach 
space. Then F has a Bore1 measurable selector f of the second Bore1 class. It 
is possible to choose f, an F,-set X, in X and its complementary G,-set 
X, = X\X,, so that the restrictions off to X, and X, are of the first Bore1 
class. If F takes only compact values, then F has a selector f of the first 
Bore1 class. 
In the case, when F takes its values in a countable union of weakly 
compact subsets of a fixed Banach space Z, we can use the norm topology of 
Z. Using this topology, the restrictions off to X, and to X, are norm Bore1 
measurable of the second Bore1 class, and so f is norm Bore1 measurable of 
the second Bore1 class. 
Proof We first consider the special case when F(X) is itself a countable 
union of relatively closed sets, each homeomorphic to a subset, using the 
weak topology, of a weakly compact set in a Banach space. In this case we 
may identify Y with 
F(X)= ij Y,, 
n=l 
with each Y,, n >, 1, closed in Y, and with Y, homeomorphic under a map 4, 
to a set Z, contained in a weakly compact set K, contained in a Banach 
space Z,, n > 1. 
As F is upper semi-continuous each set 
{x:F(x)nY,#0) 
is closed in X. Further, the union of these closed sets is X itself. By a 
standard reduction theorem (see [ 15, p. 3501) we can choose a disjoint 
sequence Xi, X, ,... of (F,, G,)-sets in X, with union X, and with 
F(X) n Y, z 0, 
for each x in X,, for n = 1, 2 ,... 
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For each n > 1, we define a set-valued map G, from X, to the non-empty 
sets of Z,, by taking 
G,(x) = (b,(F(x) n Y,), 
for x E X,. Now G, is an upper semi-continuous set-valued map from X, to 
Z, taking non-empty values contained in the weakly compact subset K, of 
the Banach space Z,. By Theorem 1, and its proof, G, has a selector g, of 
the second Bore! class. There is an F,-set Xi” in X, and a complementary 
G,-set XL*’ in X, such that the restrictions of g, to XA” and Xy’ are of the 
first Bore1 class. Further, if F takes compact values, in the original topology 
on Y. then G, takes weakly compact values in the Banach space Z,,. It is 
now easy to verify that the function f defined by 
f(x) = 4, ’ o g,(x): if xEX,, 
and the sets 
XC” = ij xy, ‘y(2) = XB”’ = 0 xj,y 
n=1 n I 
satisfy all our requirements. 
We now return to the general case. As X is metric and so is paracompact. 
we can choose a u-discrete family {Xy : y E f} of closed sets refining the 
family of neighbourhoods (N(x) : x E X}. Then, for each y in r, the set F(X,) 
is a countable union of relatively closed subsets, each homemorphic to a 
subset, using the weak topology, of a weakly compact set in some Banach 
space. By an extension of the standard reduction theorem that is essentially 
contained in Theorem 1 of Hansell 191, and again also in Lemma 4 of 
Kaniewski and Pol ] 13) (and is the special case a = 1 of Lemma 1 of our 
paper (12 ]) we can choose a o-discrete partiton (3,: y E ri of X into 
(F,. G,)-sets with 
for each y in I-. 
By the result obtained in the first part of this proof, for each 7 in f. we 
can choose a selector f,, for the restriction of F to E,, that is of the second 
Bore1 class, and an F,-set .?/I) and a complementary G,-set -5’7’ = E;,\Ei,” 
such that the restrictions offy to Z(yr) and Ey’ are of the first Bore1 class. 
Further. if F only takes compact values, f, can be taken to be of the first 
Bore1 class. 
We now verify that the map f from X to Y defined by 
“0-x) = f#) when x E zy, y E r, 
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is a selector for F satisfying our requirements with 
x(l) = lJ {ql) : y E Z-J, $2’ = qp. 
As the family (Sy : y E r} is disjoint and covers X it is clear that f is well 
defined and is a selector for F. As the family is a u-discrete family of 
(F,, G,)-sets, the set X”’ is an F,-set and XC2’ is a G,-set. If G is any open 
set in Y, then 
x(l) nf- l(G) = u {zy) nf; l(G) : y E r}, 
and 
X’*’ nf-‘(G) = 0 {Zy’ nf-‘(G) : y E T). 
As the family {Ey’ 
set X(I) n f-l(G) 
nf;‘(G) : y E Z-} is a u-discrete family of F,-sets, the 
is an F,-set. Now, for each y in r, we can choose an 
F,-set I, of X with 
sjl:2) n f F’(G) = zy’ n I,. 
Then 
As the family {zy ~3 I, : y E T} is a a-discrete family of F,-sets, the set 
X’*’ nf-l(G) is a relative F,-set in X”‘. It is now clear that all our 
requirements are satisfied for the weak topology case. 
The results for the norm topology follow just as in the proof of Theorem 1. 
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